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Abstract. We study the geometry and cohomology of semiample hypersur- 
faces in toric varieties. Such hypersurfaces generalize the MPCP-desingulari- 
zations of Calabi-Yau ample hypersurfaces in the Batyrev mirror construction. 
We study the topological cup product on the middle cohomology of semiample 
hypersurfaces. In particular, we obtain a complete algebraic description of 
the middle cohomology of regular semiample hypersurfaces in 4-dimensional 
simplicial toric varieties what would be interesting for physics. 



Introduction 

While the geometry and cohomology of ample hypersurfaces in toric varieties 



have been studied |BC|, not much attention has been paid to semiample (i.e., "big" 
and "nef") hypersurfaces defined by sections of line bundles generated by global 
sections with a positive self-intersection number. It turns out that mirror symmetric 



hypersurfaces in the Batyrev mirror construction |B2| are semiample, but often not 



ample. In this paper we will study semiample hypersurfaces. Such hypersurfaces 



bring a geometric construction which generalizes the way of construction in [B2|. 

The purpose of this paper is to present some approaches to studying the co- 
homology ring of semiample hypersurfaces in complete simplicial toric varieties. 
In particular, we explicitly describe the ring structure on the middle cohomology 
of regular semiample hypersurfaces, when the dimension of the ambient space is 
4. Let us explain the main ideas of computing the topological cup product. The 
first step is to naturally relate the middle cohomology of the hypersurfaces to some 
graded ring; in our situation this will be done using a Gysin spectral sequence. The 



origins of this ideas are in [CG], [BC]. The second step is to use the multiplicative 
structure on the graded ring in order to compute the topological cup product on 
the middle cohomology. We remark that the cup product was computed on the 



middle cohomology of smooth hypersurfaces in a projective space [CG], and this 



paper will generalize some of the results in [ CG | . 
The following is a brief summary of the paper: 

In section 1 we establish notation and then introduce a geometric construction 
associated with semiample divisors in complete toric varieties. At the end we give 
a criterion for a divisor to be ample (generated by global sections) in terms of 
intersection numbers. This was known for simplicial toric varieties (the toric Nakai 
criterion), and we prove it for arbitrary complete toric varieties. 
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Section 2 studies regular semiample hypersurfaces and describes a nice stratifi- 
cation of such hypersurfaces. These hypersurfaces generalize those in the Batyrev 
construction |B2|. 

Section 3 generalizes the results of ]CG| on an algebraic cup product formula 
for residues of rational differential forms (from here on, the toric variety is usually 
simplicial). It shows that there is a natural map from a graded ring (the Jacobian 
ring R(f) |BC| ) to the middle cohomology of a quasismooth hypersurface such 
that the multiplicative structure on the ring is compatible with the topological cup 
product. 

In section 4 we partially describe the middle cohomology of a regular semiample 
hypersurface X; in particular, we show that some graded pieces of the ring i?i(/), 
considered in [BC], are imbedded into the middle cohomology of X. We explicitly 
compute the cup product on the part coming from the ring. We should point out 
that, when X is ample, the graded pieces of R%(f) fill up the middle cohomology 
of the hypersurface, but not so in the semiample case. 

Section 5 computes the middle cohomology and the cup product on it for regular 
semiample hypersurfaces in a 4-dimensional toric variety. This is the most interest- 
ing case for physics. We describe the whole middle cohomology in algebraic terms, 
even though i?i(/) might fill up only part of the middle cohomology. In fact, the 
complement to the Ri{f) part is a direct sum of the middle cohomologies of regular 
ample hypersurfaces in 2-dimensional toric varieties. Hence, this part can also be 
described in terms of rings similar to Ri(f). 

In section 6 we compute the Hodge numbers h p ' 2 of a regular semiample hyper- 
surface, and then apply the obtained formulas to the hypersurfaces in the Batyrev 
mirror construction [B2] to verify that, in general, the duality predicted by physi- 
cists does not occur for the Hodge numbers of such hypersurfaces. 

Basic references on the theory of toric varieties are [Fl|, |0|], [Q, [C2]. 

Acknowledgments. I would like to thank David Cox for his advice and useful 
comments. I am grateful to David Cox and David Morrison for allowing me to 
use their unpublished notes for Theorems 3.3 and 3.5. I also thank the referee for 
pointing out that our notion "semiample" is a little bit different from the common 
one (see Remark 1.1 bellow). 



1. Semiample divisors 

In this section we first establish notation, review some basic facts from the toric 
geometry, and then discuss a geometric construction associated with semiample 
divisors in complete toric varieties. At the end of this section we will prove a 
generalization of the toric Nakai criterion for arbitrary complete toric varieties. 
As a consequence we will obtain a criterion for semiample divisors in terms of 
intersection numbers. In notation we follow []BCj| , [C2|. 



Let M be a lattice of rank d, N = Hom(M, 1) the dual lattice; Mr (resp. N-g) 
denotes the R-scalar extension of M (resp. of N). The symbol Ps stands for a 
complete toric variety associated with a finite complete fan E in Denote by 
E(fc) the set of all fc-dimensional cones in E; in particular, E(l) = {p\, . . . , p n } is 
the set of 1-dimensional cones in E with the minimal integral generators e±, . . . , e n , 
respectively. Each 1-dimensional cone pi corresponds to a torus-invariant divisor 
D, in Pj;. A torus-invariant Weil divisor D = X)"=i a i^i determines a convex 
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polyhedron 

A D = {m e Mr : (m, e*) > -a.; for all i} C Mr. 

When D — Yl7=i a i^i IS Cartier, there is a support function tpn : A/r — > R that is 
linear on each cone <r£ S and determined by some m a 6 M: 

i>n{zi) = (mo-, ej) = — a* for all € cr. 

Since Pe is complete, a general fact is that a Cartier divisor D (i.e., the corre- 
sponding line bundle Op E (£))) is generated by global sections (resp. ample) if and 
only ii ipD is convex (resp. strictly convex). 

A Cartier divisor D on is called semiample if D is generated by global sections 
and the intersection number (D d ) > 0. In complete toric varieties all ample divisors 
are semiample. From [Fl, sect. 5.3] it follows that (D d ) = d\vold(Ai>) where void 



is the d-dimensional volume normalized with respect to the lattice M. So, the 
semiample torus-invariant divisors in complete toric varieties can be characterized 
by the two conditions that the support function ip£> is convex and the polyhedron 
Ao has maximal dimension d. 

Remark 1.1. We should mention here that our notion "semiample" is a little bit 



different from the common one. In [EV| it is not assumed that semiample sheaves 
C have the additional property C d > (the Iitaka dimension is maximal). The 
author believes that the results in this section can be easily generalized for all 
Cartier divisors generated by global sections. However, for the purpose of studying 



mirror symmetric hypersurfaces [BC] we simply assume that semiample sheaves 
have the additional property. The same definition was used in the recent book 

IcT 



Let us show how to construct a semiample (but not ample) divisor from an ample 
one. Consider a proper birational morphism ir : — > Ps 2 between two complete 
toric varieties corresponding to a subdivision Si of a fan E 2 with an ample torus- 
invariant divisor Y on Ps 2 . Then the pull-back tt* (Y) is a torus-invariant Cartier 
divisor with the same support function as the one for Y. Hence, tt*(Y) is semiample 
and it is not ample if £1 is different from E 2 . 

We now show that all semiample divisors arise uniquely this way, constructing 
a complete fan Sjj for a semiample Cartier divisor D — X^ILi a %Di using our fan 
£ and the convex support function ipu. The value of the support function ipu 
on each d-dimensional cone a € £ is determined by a unique m a £ M. We glue 
together those maximal dimensional cones in S that have the same m a . The glued 
set is again a convex rational polyhedral cone, and one can show that this cone is 
strongly convex using the fact that Ac has maximal dimension d. The set of these 
strongly convex cones with its faces comprise a new complete fan in JVr. This 
construction is independent of the equivalence relation on the divisors: if we change 
the divisor D to a linearly equivalent one, the fan will remain the same. 

The fan is exactly the normal fan of Ap. Indeed, by construction, ipjj is 
strictly convex with respect to So. On the other hand, since D is generated by 



global sections, the support function ip£> coincides with the function of A^> [Fl 
sect. 3.4]: 

ipoin) = min (m,n). 

m£A D 

Theorem 2.22 [^] implies that Ed is the normal fan of Ad. 
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Notice that E is a refinement of S^. So, the sets of 1-dimensional cones of 
the fans are related by E.d(1) C S(l), and we have a proper birational morphism 
7r : Ps — > Ps D between the two toric varieties. Any proper morphism determines 
a push- forward map : Aj-i (Ps) - * ^-i(Pe d ) on the Chow group, that takes 
the class of an irreducible divisor V to the class deg(V/ir(V))[iT(V)] if n(V) has the 
same dimension as V and to otherwise. Now apply the push-forward map to our 
semiample divisor: 

n 

because Di maps birationally onto its image when pi G E/j, and dim7r(_Dj) < 
dim!?; in all other cases. The divisors ir{Di) for € E.d(1) are torus-invariant 
corresponding to the 1-dimensional cones in £73 . The support function of the Weil 
divisor 71% (D) :— es D (i) ct i 7r (-Oi) coincides with t/>/j which is strictly convex with 
respect to the fan Ed. Hence, the divisor class 7r*[D] is ample. For the birational 



map tt : Ps — * Ps D we also have a commutative diagram [PI , sec. 3.4], [F2|: 

Ai-i(P S ) — ^ A d _!(P SD ) 

i I 

Pic(P s ) < Pic(P s J, 

7T* 

where the vertical maps are inclusions. Since the support functions for the Cartier 
divisors D and tt*(D) coincide, the pull-back tt*tt^[D] is exactly the divisor class 
[D]. Thus, we have the following useful result. 

Proposition 1.2. Let Ps be a complete toric variety with a semiample divisor 
class [D] € j4d_i(Ps). There exists a unique complete toric variety Ps D with a 
toric birational map tt : Ps — > Ps D , suc/i t/iai E is a subdivision o/E/j, 71% [13] is 
ample and tt*tt*[D] = [D]. Moreover, if D — is torus-invariant, then 

E £> is the normal fan of Ad- 

Remark 1.3. Since the fan Ed is the normal fan of A^, there is a one-to-one cor- 
respondence between the fc-dimensional cones of S/j and (d — fc)-dimensional faces 
of Ajj. Note, however, that while E^ is canonical with respect to the equivalence 
relation on the divisors, the polyhedron Ad is only canonical up to translation. 

We next study the intersection theory for the semiample divisors in complete 
toric varieties. Any toric variety Ps is a disjoint union of its orbits by the action 
of the torus T = N <£> C* that sits naturally inside Pj> Each orbit T CT is a torus 
corresponding to a cone a G £. The closure of each orbit T CT is again a toric variety 
denoted V(a). 

Lemma 1.4. If D is a semiample divisor on a complete toric variety Pj;, then the 
intersection number (D k ■ V(a)) > for any a G £(d — k) contained in a cone of 
E D (d - k), and (D k ■ V(a)) = for all other a G £(d — k). 

Proof. We can assume that D = yV.. ajZ?j, which gives a support function ijjjj 
determined on each cone by some m a : ipuiji) = (m a ,n) for all n G a. Since D is 
generated by global sections, for a fixed a G E(d — fc) we have [ |Fl| , sec. 5.3]: 

vol k (A D n(a ± +m a )) = (^--V(a)). (1) 
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By Remark 1.3, there is a one-to-one correspondence between the cones of Ed and 
the faces of Ad- Let <rr be the minimal cone in Ed, corresponding to a face T of 
Ad and containing a. We claim that 

r = A D n(o- L + m (T ). 

Indeed, since ipr> is strictly convex with respect to Ed, from Lemma 2.12 [Q] we 
have 

r = {to G Ad : (m, n) = ipn(n) for all n G ot}, 
whence to G T implies (m — mo-, n) = for all n € cr. Conversely, suppose m G Ad 
and (to — Too-) G cr . The first condition implies (to, n) > tpD(n) for all n from 
the strongly convex cone ot, while the second one gives a point in the interior of 
or (by the minimal choice of this cone) for which to and ipo have the same values. 
Hence, to and tpn have the same values on ot, and the claimed equality of the sets 
follows. 

Now, the lemma follows from the fact that voh(r) > if and only if dim err = 
d-k. □ 

Remark 1.5. The above lemma provides another way of constructing the fan Ed, 
by gluing the d-dimensional cones in E along those facets r for which (D-V(t)) = 0. 

We will now give necessary and sufficient conditions for a Cartier divisor on a 
complete toric variety to be ample, generated by global sections or semiample. This 
is a generalization of the toric Nakai criterion proved for nonsingular toric varieties 
in Theorem 2.18 Q. 

Theorem 1.6. Let Ps be a d- dimensional complete toric variety and let D be a 
Cartier divisor on P^. Then 

(i) D is generated by global sections if and only if (D ■ V(t)) > for any r G 
S(d- 1). 

(ii) D is ample if and only if (D ■ V(r)) > for any r G E(d — 1). 

Proof. Without loss of generality we can assume that D is torus-invariant. 

(i) If D is generated by global sections, then the required condition follows from 
equation ([!]). Conversely, the torus-invariant divisor D has the support function 
ipD, and it suffices to show that ipjj is convex. Here, we use a trick. Consider 
a nonsingular subdivision E' of the fan E and the corresponding toric morphism 
/ : Ps' — > Ps- Then the support function of the pull-back divisor f*(D) coincides 
with ipr>. So, we just need to show that f*(D) is generated by global sections. 



By Example 2.4.3 |F2|, we have (/*(£>) • V(t')) = (D ■ /*(V(r'))), where V{t') 
is the closure of the 1-dimensional orbit corresponding to r' G E'(d — 1). If the 
smallest cone in E containing r' is <i-dimensional, then the image of V(t') is a point, 
implying that the above intersection number vanishes. Otherwise, r' is contained in 
some r G E(d— 1), in which case /*(V r (r')) = V(t). So, in cither case, by the given 
condition in (i), the intersection number (D ■ /*(V^(r'))) is nonnegative. Following 
the proof of Theorem 2.18 ((| we get that (f*(D) - V(t')) > for any r' G E'(cZ- 1) 
implies f*(D) is generated by global sections. 



1.4 or, more 



(ii) If D is ample, then the required condition follows from Lemma 
generally, from the Nakai criterion for arbitrary complete varieties [|l|, chap. I, The- 
orem 5.1], @. 

Conversely, by part (i), the divisor D is generated by global sections. We will 
show that D is semiample and the fan E is exactly the fan E d associated with the 
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semiample divisor. Then, by Proposition 1.2, the desired result will follow. From 
equation ([j]) and the given condition it follows that the polyhedron Ab intersects 
different lines, corresponding to r G E(d — 1), in more than one point. These 
lines can not lie in a hyperplane of Mr, because E is complete. Therefore, Ac is 



maximal dimensional, implying that D is semiample. By the Remark 1.5 and the 
given condition, the fan E coincides with Ec- Thus, Proposition |1.2| implies that 
D is ample. □ 

Corollary 1.7. Let Pg be a complete toric variety. Then a Cartier divisor D on 
Ps is semiample if and only if (D d ) > and (D ■ V(r)) > for any r € S(d — 1). 

Remark 1.8. In Mori's theory, Theorem |l.6K ii) above and Proposition (1.6) of |r] 
imply that D is ample if and only if (D ■ (NE(P S ) \ {0})) > 0, where NE(P S ) 
is the cone coming from effective 1-cycles. Also, by part (i) of Theorem |1.6| , the 
pseudo-ample cone PA(Ps) is spanned by the divisors generated by global sections. 
For details see @, sect. 2.5]. 

2. Regular semiample hypersurfaces 

Next we shall apply results from the previous section to describe a stratification 
of regular semiample hypersurfaces in a complete toric variety P^. The following 



definition has appeared in [B2] 



Definition 2.1. A hypersurface X C Ps is called Yi-regular if X fl T CT is empty or 
a smooth subvariety of codimension 1 in T CT for any a G E. 

Remark 2.2. Proposition 6.8 Jd) says that a hypersurface X c Ps defined by a 
general section of a line bundle generated by global sections is E-regular. When it 
is clear from the context, we simply say that a hypersurface is regular. 

Lemma 2.3. Let X be a semiample hypersurface in a complete toric variety Ps, 
such that dimPs > 2. Then 

(i) X is connected, and 

(ii) X is irreducible if X is Y,-regular. 

Proof, (i) Consider an effective torus-invariant divisor D equivalent to the divisor 
X. Since Op s (D) is generated by global sections, choosing a basis of the space 
ff°(Ps,Cp E (-D)) gives a mapping 

fD '■ Ps * P' \ 



where r = h°(Pz, Ps (D)) = Card(A D nM). By Exercise on p. 73 [Fl[ sect. 3.4] 



the image of <pj) has dimension equal to dim Ac . Since D is semiample, we get 



that dim Ac = dimPs > 2. From Theorem 2.1 [FL it follows that every divisor 
in the linear system \D\ is connected. In particular, X is connected. 

(ii) To prove that X is irreducible we argue as follows. Consider a nonsingular 
subdivision E' of the fan E and the corresponding morphism p : Pjy — > P s . It 
follows from Proposition 3.2.1 [B2| that p^ 1 (X) is a E'-regular hypersurface that 



supports a semiample divisor p*(X). By the previous part, p 1 {X) is a smooth 
connected hypersurface which must be irreducible. Therefore, X is irreducible. □ 
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Proposition 2.4. If X C Ps is a Yi-regular semiample hyper surface with the asso- 
ciated morphism ir : Ps — > Ps x /or i/ie divisor class [X] G j4d-i(Ps) /rom Propo- 
sition l.i, then Y :— tt(X) is a Y>x~regular ample hyper surf ace, and X = k (Y). 



Proof. From Lemma |2.3| (ii) we know that X is irreducible. Since X is E-regular, it 
maps birationally onto its image, implying 7r*LY] = [7r(X)]. Therefore, by Proposi- 
tion 1.2, the hypersurface Y — tt(X) is ample. 

Let us now show that Y misses the O-dimensional orbits in Ps x • Consider the 
1-dimensional orbit closure V(t ) c Ps x corresponding to a cone r G Ex(d ~ !)■ 
and take a cone r G E(<i — 1) that lies in t . Since X is E-regular, 

Card(X n T T ) = Card(X n V{t)) = {X ■ V(t)). 

We also know that the orbit T T maps onto T T0 , hence, 

(Y ■ V(r )) > Card(F n V(r )) > Card(F n T To ) > Card(X n T r ) = {X ■ V{t)). 



By Example 2.4.3 [F2], we have (Y ■ V(tq)) = (X ■ V(r)), whence the above inequal- 
ities are equalities. Therefore, the hypersurface Y intersects transversally the orbit 
T TQ and does not intersect the points in the compliment V(to)\T To , corresponding 
to the ci-dimensional cones in Sx that contain tq. Thus, we have shown that Y 
misses all O-dimensional orbits in Ps x . 

One can easily show X — 7r _1 (F) from the facts that X and Y = 7r(X) are irre- 
ducible, and that Y misses the O-dimensional orbits. Finally, for arbitrary o"o G Sv 
take a G E, contained in <tq, of the same dimension. Then we have an isomorphism 
T CT = T CT0 inducing another isomorphism 

x nT a = 7r- 1 (Y)nT a = y m ao . 

So, the E-regularity of X implies that n(X) is Ex-regular. □ 



Remark 2.5. By construction in [B2], the MPCP-desingularizations Z of regular 
projective hypersurfaces Z in a toric Fano variety Pa are regular semiample hy- 
persurfaces. The above proposition shows that if we start with an arbitrary regular 
semiample hypersurface, then we come up with a similar picture. 

Let us note that a regular ample hypersurface Y in a complete toric variety 
P will intersect all orbits transversally, except for O-dimensional orbits. Such a 



hypersurface is called nondegenerate in [BC|, [DK|. Also, in this case a hypersurface 



in the torus T isomorphic to the afhne hypersurface Y H T in T will be called 
nondegenerate. Such a hypersurface satisfies the following property. 



Lemma 2.6. [DK] Let Z be a nondegenerate afftne hypersurface in the torus T, 
then the natural map £P(T) — > H l (Z), induced by the inclusion is an isomorphism 
for i < dim T — 1 and an injection for i = dim T — 1 . 



Like in [B2|, by Proposition 2.4, we get a nice stratification of a semiample 
regular hypersurface X C Pe in terms of nondegenerate afhne hypersurfaces. Let 
Y = 7r(X), then X = 7r _1 (y). Using the standard description of a toric blow-up, 
we obtain 

X n T(j — (Y n T CT0 ) x ( C *) dimff °- dimff , (2) 
where ctq G Ex is the smallest cone containing a G E. 
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3. A CUP PRODUCT FORMULA FOR QUASISMOOTH HYPERSURFACES 

The purpose of this section is to give a generalization of the algebraic cup prod- 



uct formula for the residues of rational forms presented in [CG]. In this section 
we assume that P is a complete simplicial toric variety. Such a toric variety has 
a homogeneous coordinate ring S — C[x±, . . . , x n ] with variables x±, . . . , x n corre- 



sponding to the irreducible torus-invariant divisors D\, . . . , D n [CI . This ring is 
graded by the Chow group Ad-\(P): deg(n" = i X T) = E™=i a iDi\- Furthermore, 
if £ is a line bundle on P, then for (3 = [£} E A d _i(P) one has an isomorphism 
H Q (P,£) = Sp. So, the homogeneous polynomials in Sp identified with the global 
sections of £ determine hypersurfaces in the toric variety P. 



Definition 3.1. [BC| A hypersurface IcP defined by a homogeneous polynomial 
/ € Sp is called quasismooth if 1 < i < n, do not vanish simultaneously on P. 



Definition 3.2. [BC| Fix an integer basis mi,...,m,j for the lattice M. Then 
given subset / = {h, . . .,i d } c {1, . . . ,n}, denote det(e/) = det({m.,-, e ik )i<j t k<d), 
dxi = dxi 1 A ■ ■ • A dxi d and Xj — Yiidj x i- Define the n-form f2 by the formula 

Q = det(ei)xidxi, 
\l\=d 

where the sum is over all d element subsets I C {1, . . . , n}. 

Let X C P be a quasismooth hypersurface defined by / G Sp. For A E 
S( a +i)p-p (here, /3q := J>2i=i deg(aii)) consider a rational d-form 

lu a := An/f a+1 G H°(P, fl£((a + 1)X)). 

This form gives a class in H d (P \ X), and by the residue map 

Res : H d (P\X) -> H d -\X) 

we get Res(wA) G H d ~ 1 (X). We will need an explicit algebraic formula for the 
Hodge component Kes(oJA) d ~ 1 ~ a ' a in Cech cohomology. 

Denote /, = ^ and let Ui — {x E P : fi(x) ^ 0} for i = 1, . . . , n. If X is a 
quasismooth hypersurface, then U = {c^}" =1 is an open cover of P. 

The next two theorems with their proofs are corrected and generalized versions 
of unpublished results of D. Cox and D. Morrison. 

Theorem 3.3. Let X C P be a quasismooth hypersurface defined by f G Sp and 
A G Sr a ±i\p_p 0) [3q = X)j=i deg(iEj). Then under the natural map 

H a (U\ x ,n d x 1 ~ a ) -> H a (X 7 VL d x 1 - a ) = H d ~ 1 ~ a ' a (X) 

the component Res(ujA) d ~ 1 ~ a '' a corresponds to the Cech cocycle c a { AK f a — ^ H > n \ j 

•' i o"'J i a 1 i ...i a 

where c a = l)< i ~ 1 + a ( a + 1 )/ 2 ; and Ki is the contraction operator gj^r-i. 

Proof. The residue map can be calculated in hypercohomology using the commu- 
tative diagram 

H d (P\X) H d -\X) 



i d (fip(io g x)) M d -\n x ) 
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where the vertical maps are isomorphisms. As in JCG| we can work in the Cech- 
deRham complex C'(U, Sl'(*X)) with arbitrary algebraic singularities along X, 
where U = {Ui}f =1 . Then we can apply the arguments of |CG] on pp. 58-62 almost 
without any change. We only need to check that 



df AUeO modulo multiples of / 



(3) 



for part (i) of the lemma on p. 60 in CG]. But df A (dx\ A • • • A dx n ) = 0, and, 
by Lemma 6.2 [C2], £1 = 9\ j • ■ ■ Ad n -d^(dx\ A ■■• A dx n ) for some Euler vector 
fields 9i. The equivalence (||) can be obtained repeatedly applying the following 
argument. If d/Acj = mod / for some form u, and 9 is an Euler vector field, then 
= 0j(d/ Aw) = (0jd/)w — df A (0ju). Since 9jdf = 9(f) = 9(j3)f (see the proof 
of Proposition 5.3 |C3]| ), we get df A (9jlo) = 0. Thus, the lemma on p. 60 of [ |CG| 
is true in our situation. The rest of the arguments applies without change, and the 
theorem is proved. Let us remark that the constructive proof of [CG] implies that 



2 a {- 



is actually a Cech cocycle. 



□ 



Definition 3.4. For (3 = E"=i biDi] G yLj-i(P) and a multi-index / = (i , . . . ,id) 
viewed as an ordered subset of {1, . . . , n}, we introduce a constant Cj which is the 
determinant of the + x (d+ 1) matrix obtained from [inij, £i k )i<j<d,i k ei) by 
adding the first row (bi , . . . ,bi d ), where mi, . . . , is the fixed integer basis of the 



lattice M as in Definition 3.2. One can easily check that Cj is well defined. 



Theorem 3.5. Let X C P be a quasismooth hypersurface defined by f £ Sp, and 
suppose a + b = d-1, uj a = j^tt, uj b = for A e S (a+1)l3 _p , B e S^^p^. 
Then under the composition 



H a (X, n b x )(g>H b (X, Q a x ) 



H d - l (x, n^ 1 ) 



H d (p,n<t>) 



(here, d is the coboundary map in the Poincare residue sequence) we have that 
5(Res(ujA) ba U Res(ujB) ab ) is represented by the Cech cocycle 

I ho ' ' ' hd ) I 

/ 1 -,a(a+l)/2 + 6(6+l)/2 + a 2 +d-l 

where I = (i , . . . , i d ) and c ab = i — >- . 



Proof. As in ]CG| on p. 63, by Theorem ^3| we see that the residue product 
Yles(ujA) ha U Res(uj B ) ab is represented by the cocycle 



. AK ia ---K io n BK id _ 1 ---K ia n 

tp = C a b< : : A 



fio ' ' ' fit 



fia ' fi, 



&c d - x {u\x,n d £ x ), 



where c a b = {—^) a 'c a Cb = - — ' -m • To calculate the coboundary of 

this cocycle we use the following commutative diagram: 







i 



c d (u,nUiogx)) 



Res 



> c d {u\x,n d x l ) 



■4 C d - l {U,Q.i) ► C^iU^^ogX)) C^iUlx,^ 1 ). 
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Lift the cocycle ip to 

L Jio ' ' ' iia Jia ' ' ' Jid-i / J i ...i £i _ 1 

From the diagram we can see that changing of the numerator by a multiple of / will 
not affect the image of ip in H d (U, Sip). Hence, we need to compute Ki a ■ ■ ■ Ki £lA 
Ki d l ■ ■ ■ Ki a Vl A d/ modulo multiples of /. First we will show 

K la ■ ■ ■ K io Vl A K i d _ x • • • K la £l Adf = (some function) • SI mod /. (4) 

As in the proof of the previous theorem, we can write SI = -Ejdx, where E is a 
wedge of some Euler vector fields and dx = Ax\ A • • • Adx„. Denote du = dxi A • • • A 
dx ia _ t , dv = dx ia+1 A • • • A dx ld _ 1 , and dw = A^dxi, where I = (i , . . . ,id-i)- 
Then dx = ±du A dx a A dw A dw. Now compute: 

K ia --- K io fl = K ia --- K io (E_idx) = ±E_i(K. la ■ ■ ■ K M) du A dx a A dw A dw) 

= ±Ej{dv A du-) = ±{{Ejdv) A dw + {-lf d - a - l){n - d) dv{Ejdw)). 

Similarly, 

K id _ 1 ■ ■ ■ K la n = ±((Ejdu) A dw + (-l) a ("- d )du(£jdw)). 
Since dw A dw = 0, we get 

K ia ■ ■ ■ Ki Q SI A K id _, ■■■K ia Q = ±(Ejdw)({E^dv) A dw A (-l) a( "- d) du 

+ (-l)(«*-«^ 1 )( n -«0dt; A (£jdu) A dw + (-l^'^-^dv A du A (£jdw)^) 

= ±{Ejdw)(E4dv A du A dw)) = ±(E->dw)(EjK ia jdx) 
= ±(Ejdw){K ia j(Ejdx)) = ±{Ejdw){K la Vt). 

From equation (||) we know that SI Ad/ = modulo multiples of/. Applying the 
contraction operator Ki a to this identity we obtain (Ki a tt) A df = ±/i a S7, whence 
equation (^) follows: 

if iB • ■ • K io Q A K id _ x ■ ■ ■ K t n Ad/ - ±{Ejdw)(K ia Q) Adf = ±(E^dw)f ia Q. 

We next claim that 

K ia ■ ■ ■ K io Q A K id _ x ■ ■ ■ Ki a SI A d/ = (-l)^ 1 det(e Io )x Io f ia il mod /. (5) 

Examine the cocificient of dxi a = dxi A ■ ■ ■ A dxi d _ ± in the left hand side. The only 
place dxi can occur is in 

{K ia ■ ■ ■ K io det(e /o )x/ dx/ ) A (K id _ 1 ■ ■ ■ K ia det{ei )x Io dx Io ) A fi a dx ia 

= dct(e Io ) 2 x 2 Io dx la+1 A ■ ■ ■ A dx ld _ 1 A (-l) a(d ~ a) dx l0 A ■ ■ ■ A dx la _ 1 A f la dx la 

= (-l) d_1 det(e7 )x/ / ia (det(e/ )i/ dx/ ). 

From here, equation (^) follows, because SI = X)m=<j det(ej)i/dxj, and the left 
hand side of (||) is (some function) • SI modulo multiples of /. 

Returning to the calculation of the coboundary 5(i/j), by equation (|5|), we have 

7 {-l) d - l c ab \ABdet{e Io )x Ia V\ 



f I fio ' ' ' fid-l 
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so that 

\d-l~ f d 



/ I fc= Q /»o ' ' ' fid J J 



where I — (i , . . . ,14). But the identity J2k=o(~^) k ( ^( e i\{ik}) e ik — holds and 
gives an Euler formula c^f = X)fe=o( — det(ei\{i k })x ik f ik [BC]. Thus, 

(ABc /3 I x I n 



S(tp) = C ab 



\ fio ' ' ' fi. 



where c ab = (-1) c ab . □ 



As in the classic case [PS , we will go further to relate the multiplicative structure 
on some quotient of the homogeneous ring S to the cup product on the middle 
cohomology of the quasismooth hypersurface X given by a homogeneous polynomial 



Definition 3.6. [BC| For / 6 S3 the Jacobian ideal J(/) C S is the ideal generated 
by the partial derivatives df/dxi, . . . , df /dx n . Also, the Jacobian ring R(f) is the 
quotient ring S/J(f) graded by the Chow group Ad-i(P). 

To show a relation between the cup product and multiplication in R(f) we will 
need two lemmas. We have the natural map S {a+1 )B_3 -> H d - 1 - a ' a {X) that sends 
A to the corresponding component of Res(oM). The map 

Res^- 1 -^ : R(f) (a+1) 3-3 - H d - l - aa {X) 
induced by the above one is well defined because of the following statement. 
Lemma 3.7. If A £ J(f) (a +i)B-B a , then Res^)^ 1 -^ = 0. 

Proof. In case a = the statement is trivial because J{f)g-3 — 0. Assume that 
a > 0. By Theorem EO, since A S J(f), it suffices to show that { , Za — f^' ) 

L J«o'"J»a ' i ...i a 

in C a (U\x, &>x 1_a ) is a Cech coboundary for one of the partial derivatives fj = 
df/dxj. We have 

KjKi. ■ ■ ■ K i0 {df A n) =(-l) a+2 df A KjK ia ■ ■ ■ K io Q + (-l) a+1 f J K ta ■ ■ ■ K io Q 

a 

■ \ff,.K,K, ■■■K,. ■ ■ ■ A , ( -->. 

fe=0 

But df A Q = mod / by equation (||), and df = on the hypersurface X. 
Therefore, on X we have the identity: 

a 

f 3 K la ■ ■ ■ K io n = i-' V<>><. • • • K • • • A, <>. 

fe=0 

Hence, j ^'" -f'°° ) is the image of (_i)°J *^°-i;"**> n \ under the 

1 n '"Jia ' i ...i a L Jio'"JJo-l J0...J0-I 

Cech coboundary map C " 1 ^^, 1_a ) -» C tt (W|x, O^" 1 ""). □ 

Consider the map 5 , (d + i) / g_2^ — ► H d,d (P) that sends a polynomial /i to the class 
in H d,d (P) represented by the cocycle 



eH d (U,n d P ) 

Jio ' ' ' J id J I 
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as in Theorem BJ3. This induces the map A : J?(/)(d+i)/3-2/3 — * H d ' d (P) well 
defined by the following statement. 

he 13 x n 

Lemma 3.8. If h S J if), then { , 1 i ) is a (7ec/i coboundary. 

Proof. We can assume that /i is one of the partial derivatives fj — df/dxj. Let / 
be the ordered subset {io, ■ ■ ■ , id} C {1, . . . , n}. Then the equality 

^•+E(-i) fc+1 4 } u A{ifc} e -= 

fc=0 

(here, {j} U I \ fa } is the ordered set {j, . . . , if., . . . , i^}) holds and gives the 
Euler formula 



(c^bj + l) fc+lc {j}u/\{i fc }^fc)/ ~~ c i x jfj + ^ ( 1 ) fc+lc {i}u/\{i fe } :El '=/ i fc' 

fe=o fc=o 

where the numbers bi are determined by (3 — E™=i ^i-^i]- But the number cf^bj + 
Sfc=o( — l) fe+lc {j}u/\{jfc}^fc ^ s ^ ne determinant of a matrix with the same two rows 
(bj,b io , . . . ,b id ), so it vanishes. Using the above Euler formula, we see that under 
the Cech coboundary map C d ^(U, -> C d (U, (1$,), the cocycle 

/jC^j^ I J' ELo(- 1 ) fcc { i }uj\{i fc }/»^{j}u(A{' fc }) 

/io /id J / I fio' ' ' fid 

. Q 

is the image of { ij } UJ / — ■ — ) , where J = {jo, ■ ■ ■ , jd~i] an d {j}U J is the ordered 

1 J3o"'J3d-i J 

set {j,j ,...,j d -i}. □ 



As a consequence of Theorem 3.5 and the above two lemmas, we have proved 

Theorem 3.9. Let X C P be a quasismooth hypersurface defined by f £ Sp, and 
suppose a + b = d — 1 . Then the diagram 

, „, , c ab •multiplication 
Wj(o+l)/3-/3 X H KJ J(6+l)/3-/3 > tt{J)(d+l)p-2p 



Res^J^xRes^J 



A 



H b > a (X) x H a > b {X) H^ 1 ^- 1 ^) F d ' d (P) 

commutes, where A is as defined above and S is the Gysin map. 

4. COHOMOLOGY OF REGULAR HYPERSURFACES 

In this section we will present an application of the Gysin spectral sequence to 
computing cohomology of regular semiample hypersurfaces in a complete simplicial 
toric variety P. We will obtain an explicit description of the cup product on some 
part of the middle cohomology of such hypersurfaces. Section 3 studied the relation 
between multiplication in R(f) and the cup product, whereas this section will study 
such a relation of a smaller ring Ri(f) and the cup product. The rings R(f) 
and Ri(f) were previously used in |BC| for studying the cohomology of ample 
hypersurfaces. 

Let D — P \ T = U"=i Di and let X c P be a regular hypersurface. Then 
(X, X n D) is a toroidal pair |d[ sect. 15] and also X D D consists of quasismooth 
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components that intersect quasi-transversally. Therefore, by the results from |d| 
sect. 15], we have 

Grfn' x (\o g (xnD))= n' xn k v{aV 

dim (T—k 



and the {Gysin) spectral sequence of this filtered complex [ pel sect. 3.2] 

£f = W +q (X, Gr^Q^ (log(Xn-D)) = H 2p+q (XnV(a)) => H p+q (X\(XnD)) 

dim a— — p 

degenerates at £2 and converges to the weight filtration W. on H p+q (X \ (XDD)): 

E p 2 q = Gr™H p+q {X \(XnD)). 

In particular, note that 

H 1 (X)^GrYH 1 (XnT). (6) 

Now assume that X C P is a regular semiample hypersurface. In this case 
X \ (X fl D) = X n T is a nondegenerate affine hypersurface in T. Hence, by 
Lemma |J, E v 2 q = Gr^ H p+q (X n T) vanishes unless p+g = d- land<?>d-l, 
or p + g < d — 1 and g = — 2p. Therefore, from the Gysin spectral sequence we 
obtain the following exact sequences. First, for s odd, s < d — 1, we have 

0^ H^XnVia))-? > H s - 2k (XnV{a))~> ► H S (X) -» 0, 

dimcr=^i dim(T=fe 

where the maps are alternating sums of the Gysin morphisms. Next, for s even, 
s < d — 1, we get 

0^ Grf H S ' 2 (XC\T) iT°(X n V(tr)) -► ► # S (X) -» 0. 

dim cr— ^ 

Finally, for s = d — 1, 

> ^-^(in^))^ >H d -\x) -+GiY_ 1 H d -\xnT) ->0. 

dim cr— (7) 

Similar sequences exist for s > d — 1 that are exact except for one term. We will 
be mainly concerned with the last exact sequence, which determines the middle 
cohomology group of X. 

The following fact, contained in Proposition 5.3 [C3], characterizes regular hy- 
persurfaces. 



Lemma 4.1. [C3] Let X C P be a hypersurface defined by a homogeneous poly- 
nomial f. Then X is regular if and only if i = l,...,n, do not vanish 
simultaneously on P. In this case we call f nondegenerate. 

This lemma shows that in complete simplicial toric varieties regular hypersur- 
faces are quasismooth. We shall prove a stronger analog of Theorem 3.9 for regular 
semiample hypersurfaces. 

In the case / is nondegenerate, the open sets Ui = {x G P : Xifi(x) ^ 0} cover 
the toric variety P. In particular, the open cover U — {Ui}f =1 is a refinement of U 
defined in the previous section. 



14 



ANVAR R. MAVLYUTOV 



Definition 4.2. [BC| Given / £ Sp, we get the ideal quotient 

Ji(f) = (xidf/dxi, . . . ,x n df/dx n ) :Xf-x„ 

(see [ CLO , p. 193]) and the ring Ri(f) = S/J\{f) graded by the Chow group 
A d _i(P). 

To show the relation between multiplication in R\{f) and the cup product on 
the hypersurface defined by / we need some results similar to those in the previous 
section. 

Lemma 4.3. Let f G Sp be nondegenerate and let h £ J\{f), then the cocycle 

Proof. The proof of this is similar to the proof of Lemma |3.8| . □ 

Theorem 4.4. Let X C P be a regular semiample hypersurface defined by f £ Sp, 
and suppose a + b = d — 1 . 

(i) If AG Ji(/) (a+ i)/j-/3b, then Res(Lu A ) b > a = 0. 

(ii) The map Res(w_) b,a : Ri(f)f a +i)/3-p — * H b ' a (X) is injective, and the natural 
composition 

Ri(f)(a+i)0-t3 o "> H b ^(X) -> H b ' a {H d -\X n T)) 

is an isomorphism, so that we have a natural imbedding Gr fWj,- i H d ~ 1 (X (~)T) 
Grp-H^pr). Moreover, we aave an isomorphism 

f " 

H»> a (X) = R 1 {f) (a+l][3 ^ Q ]T ^.F*- 1 '- 1 ^ n D 

where ipi\ are the Gysin maps for : I (1 A I, and 

Res(uu) 6 ' U ip^H'-^iX n A) = /or aH A e Ri(f) {a+1)P - 0o . 

Proof, (i) We will prove the statement using the Poincare duality 

H b < a (X) <g> £T fc (X) -► H^- 1 ^- 1 ^), 

where 6 = d — 1 — a. Since the pairing is nondegenerate, it suffices to show for 
A E Ji{f)(a+i)i3-f3 that the cup product of Res(w J 4) f, ' a with all elements in H a ' b (X) 
vanishes. For this we need to find the elements that span the group H a,b (X). 

Let X be linearly equivalent to a torus-invariant divisor ajDj with ai > 0, 

and A be the corresponding polytope defined by the inequalities (m, e,) > — cij. 
As in [|b"i) , Sa denotes the subring of C[io, if 1 , . . . , tf 1 ] spanned over C by all 
monomials of the form t\t m = t\t™ x ■ ■ ■ t™ d where k > and m £ kA. We have a 
natural isomorphism of graded rings (see the proof of Theorem 11.5 [BC|) 

oo 

Sa — Sk/3 c S, 



k=0 



sending t k Q t m to ]Jti x^ +{m ' e ' } . This isomorphism induces the bijection 

Sk(3-f3„ — 1 ► (#1 ' • ' X n )k/3 — (^A^)fc' 

where 1^ C Sa is the ideal spanned by all monomials £gf m such that m is in the 
interior of fcA. 
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As a consequence of the exact sequence (0) and Theorems 7.13, 8.2 @ we have 
the diagram 



er=i h 



a-1,6-1 



{X n A) 



^> H°" b {X) 

Rcs(a).) a, '| 



Rcs(<i_)" b J 



od'Vi, 



(8) 



where the top row is exact, the right vertical map is defined by 



f{t) h+1 h 



t d 



(here, f(t) is the Laurent polynomial defining the afhne hypersurface X<~)T, so that 
tof(t) corresponds to f(x) under the isomorphism (S*a)i = Sp) and Res afc induced 
by the Poincare residue mapping [Bl, sect. 5]: 

Res : H d (T \(XD T)) -> H d - x {X n T). 

The diagram commutes because the restriction of the form lob = Bn/f b+1 , with 



B = U 



(b+l)ai-l+{m,ei) 



i=l ' 



, to the torus T coincides with 



dti 



dt d 



(use the coordinates ij = Yh=i 
mi, . . . , from Definition pj). 

The first row in (g) is exact and the composition 

Rcs(i>.) a6 



^(mjie,) on ^ e torus with the fixed integer basis 



S, 



h^h"- x (x nT)) 



is surjective by Theorem 8.2 p3l| . Therefore, the group H a > b (X) is spanned by 
Res(Lu B ) ab kB6% 1M and ^(iT 0-1,6-1 ^ D A)) for i = 1, . . . , n. 

From Theorem 3.5 and Lemma 4.3 it follows that Res(w J 4) ha URes(<x>B) ah = 
for A G J\U)(a+i)i3-f3 and all B G S( b+ i) -p o . Also, for any A G S , ( a+1 ) /3 _ /3o and 
/i G fT*- 1 ' 6 " 1 ^ n A) we have 

Res(w A ) ba U <pnh = (p i] (<p*Res(cj A ) ba U ft) (9) 

by the projection formula for Gysin homomorphisms. However, ip*Res(u>A) ba is rep- 
resented by the restriction of the Cech cocycle c a { K f' a ...f '° } £ H a (U \ x , ^ b x ) 
from Theorem 3.3 to in A- This restriction vanishes, because, if i G {io, ■ ■ ■ , id} 
then Ui PI • • • R A a n A is empty, and, if i ^ {i , . . . , id} then each term in the 
form Ki a ■ ■ ■ Ki £l contains Xi or dxi. Thus, we have shown that the cup product 
of Res(uJA) ba , A G Ji(f)( a +i)p-i3 , with all elements in H a ' b (X) vanishes, and the 
result follows. 

(ii) From the diagram (|J) and part (i), we get a natural map Ri(f)(a+i)p-f3 ~ ¥ 
H d ~ 1 ~ a,a (H d ~ x (X n T)). The fact that this map is an isomorphism follows from 
the proof of Theorem 11.8 []BCj| . Using the diagram (||), we can now see that the 
map Res(cj_) d-1 ~ a ' a : A(/)(a+i)/3-/3 — > H d ~ 1 ~ a ' a (X) is injective, and we get the 
desired description of the middle cohomology group H d ~ 1 (X). By equation (5h, 
Res(w j4 ) d - 1 - Q ^ U ip t[ H d - 2 - a > a - 1 (X n A) =0. □ 



Combining Theorem 3.£ with Lemma 4.3 and Theorem 4.4 (i) we get the following 
result. 



16 



ANVAR R. MAVLYUTOV 



Theorem 4.5. Let X C P be a regular semiample hypersurface defined by f S 5/3, 
and suppose a + b = d — 1 . Then the diagram 

r, ( r\ r> 1 f \ c ai) -multiplication r> r r\ 

ttlU )(a+l)/3-Po X -n-lU )(b+l)p-/3o * H 1\J )(d+l)/3-2/3o 



Res(u_) ba xRes(u)" 



A 



H b > a (X) x £P- b (X) H d - 1 ' d - 1 {X) # d ' d (P) 

^_ 1 -,a(o+l)/2 + b(b+l)/2 + a 2 +d-l 

commutes, c ab = i — * ^ . 

We will finish this section with an explicit procedure of computing 

/ Res(w A ) ba U Res(cj B ) Qb . 



To have this we need generalizations of some results in [03 



Definition 4.6. [C3] Assume Fq, . . . , Fd £ Sp do not vanish simultaneously on a 



complete toric variety P. Then the toric residue map 

Res F : S p /(F ,...,F d ) p ^C, 

p = (d + 1)P — Pq, is given by the formula ResF(-ff) = Trp ([(fp(H)]), where Trp : 
H d (P, Qp) — * C is the trace map, and [tpp(H)] is the class represented by the d-form 
F ^ n Fd in Cech cohomology with respect to the open cover {igP: Fi{x) ^ 0}. 

Proposition 4.7. If Fq, . . , ,F d £ Sp, then there is Jp S Su+i)0-/3o suca that 

d 

J2{-l) j FjdF A • • • A dFj A • • • A dF d = JpQ. 

3=0 

Furthermore, if I — {io, . . . , id} C {1, . . . , n} such that Cj^O (if (3 ^ 0, there is at 
least one such I), then Jp — det(dFj /dxi k )/cjXj . The polynomial Jp is called the 
toric Jacobian of Fq, . . . , Fd- 



Proof. This is essentially Proposition 4.1 in [03 1. To show that Jp coincides with 



the toric Jacobian in [C3] use the Euler formula 



c /5 = det ( e AW}K j£r for 9 6 S fj 

k=Q ' '' ' 



from the proof of Theorem p.5| . □ 

Theorem 4.8. Let P be a complete toric variety, and let (3 £ Ad-i{P) be semi- 
ample. If Fo, . . . , Fd £ Sp do not vanish simultaneously on P, then: 

(i) The toric residue map Hesp : S p /(Fq, . . . , Fd) p — ► C, p = (d + 1)0 — (3q, is 
an isomorphism. 

(ii) If Jp £ S(d+i)p-j3 is the toric Jacobian of Fq, . . . ,Fd, then 

Res F (J F ) = d!vol(A) = deg(F), 

where A is the polyhedron associated to a torus-invariant divisor in the equivalence 
class of (3 and F : P — *• F d is the map defined by F(x) — (Fq(x), . . . , Fd(x)). 
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Proof. This statement was proved for ample (3 in Theorem 5.1 [C3|, but the proof 
can be applied in our case almost without change. Indeed, consider the map 
F = (Fq, . . . ,Fd) : P — > P d given by the sections of a semiample line bundle 
Op(D). Since (D d ) > and Fo,...,Fd do not vanish simultaneously on P, it 
follows that Fq, . . . , Fd are linearly independent. We can extend Fq, . . . ,Fd to 
a basis of H°(P,Op(D)) which gives the associated map 4> : P — * P , where 
N = h°(P, Op (D)) — 1. Then the map F factors through the map </> and a projec- 
tion 

P :P N \L^P d , (y ,...,y N )~(y ,. 
where L C P N is a projective subspace defined by j/q — • 



,Vd), 



yd — 0. By Exercise 

on p. 73 [Fl, sect. 3.4], the dimension of the image of is d. Using a dimension 
argument, one can show that p~ 1 (yo, ■ ■ ■ ,Vd) H im(</>) is nonempty. Hence, F is 
surjective, and, consequently, generically finite. Propositions 3.1, 3.2 and 3.3 in 

S*f3 
□ 



C3 are still valid in the case (3 is semiample, because the isomorphism Sa 



holds. The rest of the arguments in [C3] applies without change. 



Definition 4.9. [|BC| Given / S Sp, let Jo(/) C S denote the ideal generated by 
Xidf/dxi, l<i<n, and put R (f) = S/J (f). 



Lemma 4.10. If I = {io, . . . , id} C {1, . . . , n} such that ^ 0, then Xidf jdxi, 
i € /, don't vanish simultaneously on P, and Jo(f) — (xi df/dxi , . . . , Xi d df/dxi d ). 



Proof. If Cj 7^ 0, then ei 
ELo(- 1 ) fedet ( e A{^}) ; 



df 



■ ,Bi d span Mr. From the Euler formula Cjf — 
and Proposition 5.3 |C3] the lemma follows. □ 



We now return to the calculation of J x Res(uiA) ba URes(ujB) ab , when X is a reg- 
ular semiample hypersurface. Let Fj = Xj-^-, and let I = {io, . . . , id} C {1, . . . , n} 

be such that Cj ^ 0. Then denote J = det(^ L )i i7 gj/ (cf ) 2 xi. One can show that J 
does not depend on the choice of /. By Lemma 4.10 , the polynomials Fi, i G I, do 
not vanish simultaneously on P, and determine the toric residue map Res^. From 
the definitions of A, ResF/, and Proposition A.l [C3|, we obtain a commutative 
diagram 



Rl{f){d+l) 13-200 
X 

H d > d (P) 



Ro(f)(d+l)f3-0 Q 



(10) 



where the arrow on the top is just the multiplication. Using Theorem 4.8, we get 
the following procedure. For given A e i?i(/)( a +i)/3-/3 and B € Ri(f)(b+i)p-p 
there is a unique constant c such that 



Then 



A ■ Bxi ■ ■ ■ x n - cJ e (xidf/dxi, . . . , x n df/dx n ). 



[ Res(^) ba U Res(w B ) Qb = c(-27rv / ^T) d c a hd!vol(A D ), 
Jx 



where D — Y17=i a i^i sucri that [D] = (3. 
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5. Cup product on regular semiample threefolds 

In this section we will completely describe the middle cohomology and the cup 
product on it for a regular semiample hypersurface A C Ps, when dimPs = 4. 

It follows from fl^) that the map (B^H 1 ^ n A) H 3 (X) is injective. 

Hence, by Theorem 4.4, 

H b > a (X) = Ri(f) (a+1) ^ (0 vnH^'-^X n A)) , (11) 

M=l ' 

where a + b = 3. We first determine which of the groups if 6-1,01-1 (A n A) vanish. 

Lemma 5.1. Let X C Ps, dimPs =4, fee a Ti-regular semiample hypersurface, 
and let 7r : Ps — > Ps x &e t/ie morphism associated with X. Then 

(i) H (X n A) = unless pi C <r /or some 'I- dimensional cone a G S^, cwid 
Pi ^ Ex(l) (so pi \ {0} Zies m the relative interior of a). 

(ii) For pi C o~, suc/i that a S Ex(2) awe? Pi ^ Ex(l), we Ziaue 

7T* : ^(yn^)) s iJ x (xn A), 

where V{o~) — 7r(A) *s tAe oroii closure corresponding to a G Ex, Y - := 7r(A), and 
7Ti : X PI A — * ^ H V(cr) is i/ie map induced by ir. 

Proof, (i) Applying (^|) to the regular hypersurface X n A in the toric variety A, 
we have 

i/ 1 (xnA) = Grf J ff 1 (xnT Pi ). (12) 

If /?i G Ex(l) then X n T Pi is a nondegenerate affine hypersurface in T Pi because 
of (||). Hence, 

GrYH\X n T P J = Grf ^(T w ) = 0. 
If pi does not lie in a cone cr G Ex (2), then X n T Pi is empty or a disjoint finite 
union of (C*) 2 , by equation (]|). In this case Gv^ H 1 (X n T Pi ) also vanishes, and 
the part (i) follows. 

(ii) Suppose pi ^ Ex(l) is contained in a cone a G Ex (2), and let a' G E(2) be 
the cone such that pi C o' C cr. Then we get a composition 

H X {Y n F(o-)) ff^x n A) ff 1 ^ n V>')), 

where <£>j )0 -/ : X n V(cr') ^ I fl is the inclusion. To prove part (ii) it suffices 
to show that this composition is an isomorphism and all spaces in the composition 
are of the same dimension. Applying (||) to the regular hypersurfaces XnV(a J ) in 
V(a') and Y (1 V(a) in V(o~), we get a commutative diagram 

H 1 (ynV(a)) S Grf fl'fynT,) 

I I 
H 1 (XnV(o J )) S Grfff^AnT^), 

where the vertical arrow on the right is induced by the isomorphism T CT < = T CT . 
From the diagram we see that the natural map H 1 (Y n V(a)) — > H 1 (X n V'(cr')) 
is an isomorphism. On the other hand, since A n T Pi = (V PI TV) x C* because of 
@, it follows from (g||) that 

ff x (X n A) = Grf H l {{Y n T ff ) x C*) — Grf iJ^F n T CT ) 

by the Kiinneth isomorphism. Thus, the dimensions of spaces H 1 (X n -Di) and 
H 1 (Y n ^(cr)) coincide. This finishes the proof of part (ii). □ 
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The above lemma relates the nonvanishing groups H 1 (X n -D,) to the middle 
cohomologies of regular ample hypersurfaces in 2-dimensional toric varieties. Using 



yj) and Theorem 4.4, we can now give a complete algebraic description of the 
middle cohomology group H 3 (X). Let S(V(a)) = C[y 7 : a C 7 G S x (3)] be the 
coordinate ring of the 2-dimensional complete toric variety V(a) C Ps x , and let 
fa G 5(V(cr)) l a" denote the polynomial defining the hypersurface Yf]V(a) in V(a). 



Then, as in Definition 4.2, we have the ideal Ji{f a ) in S(V(a)) and the quotient 



ring Ri(f a ) = S(V(a))/ Jx{f a ). By Theorem 4.4(h), we have an isomorphism 

where /3q = deg(J| 7 Vt) G Ai(V(er)). We can now state our first main result of this 
section. 

Theorem 5.2. Let X C Pe, dimPs = 4, be a regular semiample hypersurface 
defined by f G Sp. Then there is a natural isomorphism 

H^ a {X)^R 1 {f) (a+1)p _ Po ^( (R^u.^r^X 

Ve£x(2) ' 
where n(a) is the number of cones pi such that pi C a and pi ^ Sjc(l)- 

Remark 5.3. As we mentioned in introduction and in Remark [0| in the Batyrev 



mirror construction [B2| a MPCP-desingularization Z of an ample Calabi-Yau hy- 



persurface of a toric Fano variety Pa, corresponding to a reflexive polytope A, is 



a regular semiample hypersurface. In Corollary 4.5.1 [B2] Batyrev calculated the 
Hodge number 

h 2 ' 1 (Z) = l{A)-5- l *( 9 )+ zZ l *(9) l *( e *)> 

codiml9— 1 codimfl— 2 

where 9 is a face of A, 6* is the corresponding dual face of the dual reflexive 
polyhedron A*, and l(T) (resp. Z*(r)) denotes the number of integer (resp. interior 
integer) points in T. We can compare this number with the algebraic description of 
H 2,1 (Z) in the above theorem. From Theorem 4.4 we know that dim i? 1 (/) 2 /3_/3 = 
h^iZHT), which is equal to Z(A)-5-X) codime=1 Z*(0) by Theorem 4.3.1 (B^). The 
number I* (9*) is equal to n(o~) of the above theorem for the cone a, corresponding 
to the face 6 of A. And finally one can verify that A\mRi{f a )pc_p^ corresponds 

to I* (9). We can now see how the formula for the Hodge number /i 2,1 (Z) is related 
to our algebraic description. 

The next thing we want to do is to compute the cup product on H 3 (X) in terms 
of the algebraic description in the above theorem. To compute this cup product we 
need one topological result. 

Lemma 5.4. Let K , L be subvarieties of a compact V-manifold M , which intersect 
quasi-transversally, and suppose that K , L and K fl L are compact V-manifolds. 
Then the diagram 

H'{K) — ^— > H'{M) 



H'(K n L) -^-L> H'(L), 
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commutes, where are inclusions, and the constant a satisfies [K] U [L] = 

a[K n L] for fundamental cohomology classes of K , L and K n L in M . 



Proof. The arguments are the same as in the proof of Proposition 10.9 [Do, VIII]. 
The only difference is caused by the difference between [K] U [L] and [K n L] (in 
the smooth case we won't see this difference). □ 



Example 5.5. A simple nontrivial example of the above lemma occurs when M 
is a 2-dimensional toric variety and K, L are irreducible torus-invariant divisors, 
intersecting in a point. In this case we have to compare the composition of maps 

H°(K) A H 2 (M) £ H 2 (L) with H°(K) C H°(K DL) A H 2 {L). Since H°(M) k 

H°(K) and H 2 (L) = H i (M) are isomorphisms, it suffices to compare = 
[K] U [L] U _ with j\f,i'*i* = [K n L] U _ on H°(M). The difference between 
[K] U [L] and [K D L] can be easily determined by means of the ring isomorphism 
4*(M)®CS H 2 '(M) H sect. 10], which sends a cycle class of a subvariety V to 
its fundamental cohomology class [V] in M. 



Equation ( pi] ) provides a description of the middle cohomology group H 3 (X). 
We first show where the cup product on H 3 (X) vanishes. 

Lemma 5.6. ipnH 1 (X n Di) U (fj,H 1 (X n Dj) = 0, i 7^ j, unless pi, pj span a 
cone a' G £ contained in a 2-dimensional cone o/Ej. 

Proof. By the projection formula for Gysin homomorphisms, we know that 



By Lemma ^4 , for i j we have a commutative diagram 

^1 P? l (13) 



H l (x n D l n Dj) ° ijyji! > H z {X^D.j) 



3)1 



where : X O DiC\ Dj ^ X O Di is the inclusion map and is an appropriate 
constant. Hence, it suffices to show that H l (X n Dj fl Dj) = 0. This is so, if 
and pj do not span a cone in S, because Di n Dj is an empty set in this case. If 
Pi and pj span a cone a' S X, then D^ n Dj = V(a'). Applying (||) to the regular 
hypersurface X n V(cr') in V^(cr'), we see 

^(Jf n V(a')) S Grf ff^X n T CT /). 

On the other hand, if er' is not contained in a 2-dimensional cone of Sx, then 
X n To-/ is empty or a disjoint finite union of C*, by equation (j^). In this case 
Grf&iX n TV) = 0, and the result follows. □ 



From the above result and Lemma 5.1 we can see that the cup product of two 



different spaces ipi\H 1 (X n Di) and ifij,!! 1 (X D Dj) vanishes unless we assume that 
Pi \ {0} and pj \ {0} lie in the relative interior of a 2-dimensional cone a £ and 
Pi, pj span a cone a' S X: 
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In this case, by Lemma ^.l| (ii) , we have natural isomorphisms 

V i<H l {x n A) = h\y n V(<r)) = fj^ix n Dj), 

which provide a natural way to compute the cup product on different spaces: 

Lemma 5.7. If pi ^ pj, not belonging to Ex, span a cone a' £ £ contained in a 
cone a £ Ex (2), i/ien 



mult (a') 



/or Zi , Z 2 G ff 1 ^ n V(cr)), w/iere 7r CT / :Ifl V^o 7 ) — > F n 1/(0") is £/ie projection and 
ip a i : X n V(ct') > X is i/ie inclusion. 

Proof. Suppose that pi and pj span a cone a' £ E contained in <r S Ex (2). Then, 
using ( |l3|) and the projection formula, for li,l 2 S H 1 (Y n V(<r)) we compute 

We want to compare the map 



with the map 



iPHVfcri : H 2 (Y n V») -» ff 6 (X) 



^m<, :F 2 (FnF(a))^F 6 (X). 



These are the linear maps between 1-dimensional spaces, so they differ by a multiple 
of a constant. We will determine this constant using the two commutative diagrams: 



# 2 (P S *) 



H 2 (V(a)) 



H 2 {Di) 1% #4 ( p s) 



H\D 3 



^ # 6 (P S ) 



H 2 (YC\V{a)) H 2 {XC\Di) H 4 (X) ^ H 4 {XnDj) H 6 (X) 
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H 2 (P 



H 2 (V(a)) 



H 2 {V{a')) 



i? 6 (Ps) 



H 2 (Y r\V(a)) 



H 2 (XnV(<r')) 



H 6 (X) 



# 8 (Pe), 



where the vertical maps are induced by the inclusions. By Lemma 5.4 we had to 



have some multiplicities in the above diagrams. These multiplicities are all one 
because for any 7 G £ we have X ■ V(j) — X C\ V(j) in A.(Ps). Indeed, consider a 
resolution p : Pjy — > P s , c orresponding to a nonsingular subdivision £' of S. Then, 
by the proof of Lemma 2^3, p^ 1 (X) C Ps' is a regular semiample hypersurface. By 
the projection formula for cycles, for 7' 6 E'(dim7), contained in 7, we have 

X-V{ 1 )=p*{p*{X)-V(i))=p< t { p - 1 (X)-V{i))=p{p- 1 {X)nV{i))=XC\V{ 1 ). 

We know a nonzero class [Y] G -ff 2 (Pe x ) , the fundamental cohomology class of Y 
in Ps x ■ Mapping this class to H S (P^) in the above two diagrams, we get LY]U[Z?i]U 
[Dj]U[X] and [Jf]U[U(cr')]uLY], respectively. Using the ring isomorphism A' (P s )<8) 
C = H 2 *(P S ), from Lemma Owe find that [X]U[U(ct')]U[X] does not vanish, and, 



since A • Dj = - ult{<7 , } 
^,7r*, on H 2 (Y nV(a)). 



—V{a') plj, sect. 5.1], it follows that um\t{a')Lpj f ip*ip i \T:* 



□ 



We have computed the cup product of any two different spaces in (11). Now we 
compute the cup product on ipi\H l (X n Di), which does not vanish when pi \ {0} 
lies in the relative interior of a 2-dimcnsional cone a G T,x ■ In this case there are 
exactly two cones in E, contained in a and containing pf. 




In terms of this, we have 

Lemma 5.8. Let pi ^ Y,x be in some a G Sx(2) and let a', a" G S(2) be the two 
cones, containing pi and contained in a. Then 

multfo-' +a") 

^ h u ^ i 2 = - mnli[a , )mnH(jll) ^^Ah u fa) 

forh,l 2 G HHYHVia)). 

Proof. By the projection formula, we have 

As in the proof of the previous lemma, we compare the maps ipi t ip* (pair* and ip a i ,7r*/ . 
Using the arguments of Lemma |5.7| , we get 

(X 2 ■ VWipHtfwri = (X 2 ■ A'W-C (14) 
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on H 2 (YDV(a)). All we need is to compute the intersection number (X 2 -D 2 ). Take 
any to € M, such that (m, ej) 7^ 0. The Weil divisor Y^j=i( m i e j)Dj is equivalent 
to 0, whence 

However, 13; • Dj = mu it( 7 ) V( / y) ) if pi and pj span a cone 7 £ S, or Di ■ Dj = 
otherwise. On the other hand, by Lemma IA, (X 2 ■ V(^f)) = unless 7 is contained 
in cr. There are exactly two such cones a' and a" , contained in a and containing 
Pi. Suppose that e' and e" are the primitive generators of the cones cr' and cr", not 
lying in pi. Then 

(X 2 ■ D 2 ) = ( m ' e ') . V"(cr')) ( TO ' O . "l/(cr")) 

(to, e,:)mult(cr') (to, ei)mult(er") 

Since cr' 1 - = cr"- 1 , equation (0) shows that (X 2 ■ 7(<t')) = {X 2 ■ V{a")). Also, from 
sect. 8.2] it follows that mult(cr' + er")^ = mult (cr' ) e" + mult (a")e'. Therefore, 

(Y 2 n 2 \ mu\t(a' + a") 2 

(X '^^-mult^OmultK)^ ' T/(fj)) ' 

and the result follows from equation (Q). □ 

We have finished the calculation of the cup product on H 3 (X). To state a 
theorem in a nice form we need to define a couple of maps. The map n : Ri{f) — > C 
is defined as J Ps A on i?i (7)5,3-2,30 (different by a multiple from the map in ([iTf)), 
and in all other degrees. Similarly, replacing Ps with V(o~) and / with f a , we 
have the map : Ri{f a ) — > C equal to in all degrees except for ?>(3 a — 2(3%. 
Recall also that Theorem 5^ gives isomorphism 

H^ a (X) = R 1 {f) {a+1)p _ Po ^( (Rxifa^-^A. 

Ve£x(2) ' 

The following is the description of the cup product on the middle cohomology of 
the hypersurface. 

Theorem 5.9. Let X C Ps, dimPs = 4, be a regular semiample hypersurface 
defined by f £ S . If A e #i(/)(<M-i)/3-/3 D > B e R i(f)(.b+i)/3-/3 are identified 
with elements of GrpH 3 (X) by means of the isomorphism in Theorem 5.i, then 

/_ ^\a(a + l)/2 + b(b-\-l)/2 + a 2 +3 

J X A(JB = c ab r](A ■ B), where c ab = * — '- ^ . // we write 

(Ri(fU«-p S r^ = 

where U^ 1 = R\(j " a ) a i3° -/3 a correspond to the cones pi lying in a 2-dimensional 

J b ' h fc 

Gr F H 3 (X)) we have 

lUjM j mult(cr') 
in case pi and pj span a cone cr' £ S(2), 



cone cr € X, then for U € L°' 1 , l\ € L^' 1 , lj € (identified with elements of 



x 



I u l - mult(cr' + a") , 

x <lU< * mult(cr')multK) 1 ij ^ U ' 
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where a', a" S S(2) are i/ie iwo cones, contained in a and containing pt. The cup 
product vanishes in all other cases. 



Remark 5.10. If X is a MPCP-desingularization Z of an ample Calabi-Yau hy- 
persurface as in [B2], then the multiplicity mult(<7') is 1 for all 2-dimensional cones 
a' , by the properties of a reflexive polytope. Also, in this case mult(er' + a") = 2 
in the above theorem. 



6. Hodge numbers and a "counterexample" in mirror symmetry 

In this section we discuss on what kind of mirror symmetry has to be studied. 
Mirror symmetry proposes that if two smooth m-dimensional Calabi-Yau varieties 
V and V* form a mirror pair, then their Hodge numbers must satisfy the relations 

h p ' q (V) = h m - p ' q (V*), 0<p,q<m. (15) 



A construction in [B2|, associ ated with a pair of reflexive polytopes, satisfies the 
above equalities for q — 0,1 [BD , even if V and V* are compact orbifolds (i.e., 
V- manifolds). We will compute the Hodge numbers h p ' 2 of a regular semiample 
hypersurface in a complete simplicial toric variety P^. Then we shall apply our for- 
mula to the Batyrev mirror construction [B2], and check that there is no symmetry 
for the Hodge numbers of MPCP-desingularizations Z of ample Calabi-Yau hyper- 
surfaces Z coming from a pair of reflexive polytopes A and A*. However, Theorem 



4.15 [BB] and Theorem 6.9 [BD] show that if these MPCP-desingularizations Z are 
smooth, then the duality (|15|) holds. On the other hand, Theorem 4.15 [BB] shows 
that (|T^) holds for the string-theoretic Hodge numbers h P l q of the singular ample 
Calabi-Yau hypersurfaces Z . This confirms the idea that mirror symmetry has to 
be studied for smooth varieties with usual Hodge numbers or for singular varieties 
with string-theoretic Hodge numbers. 

In order to compute the Hodge numbers we use the e p ' q numbers introduced in 



ft 

defined for arbitrary algebraic variety V. These numbers satisfy the property 
e p - q (V) = {-l) p+q h^ q (V) if V is a compact orbifold. 

Let X C Ps, dimPs = d, be a S-regular semiample hypersurface with the 



associated map it : Ps — * Pe X j Y = 7r (^)j as m Proposition 2.4. Using the 
properties of e v ' q numbers [DK| and equation (g), for p + q > d — 1, p ^ q, we 
compute 



W' q {X) = {-lf +q e p ' q {X) = {-lf +q ^ q ( x n T <0 

o-es 



(-i) p+9 E 



(Y n T 7 ) • e M ((C*) 



dim 7— dim a \ 



76Ex 
7DO-GS 



where the sum is by all a € S such that 7 G is the smallest cone containing a. 
Hence, we get 

Ndim 7 -fc+* Mm 7- 



h p ' q (X) = (~l) p+q 



E 



«fc(7)(-l) 



76S X 
0<fc<dim 7- 



'(ynT 7 ), 
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where afc( 7 ) denotes the number of cones a G S(fc) such that 7 € T.x is the 
smallest cone containing a, and (^) is the usual binomial coefficient. It follows 
from a formula in [DK, sect. 3.11] that in the last sum e p ~ l,q ~ l (Y n T 7 ) = unless 
(p — i) + (q — i) < dim(F n T 7 ) (equivalently, dim 7 < d— 1— p — q + 2i). We now 
assume q = d — 3. Then, for p > 2, p ^= d — 3, we have 

0<fe<i-i 
;<2-p+2i 



0<fc<Z-z<2-p+i 
0<p-i<l 



= (_i)p+«»-3/ ^ ai (7)e d - 2 - p4 (rnT 7 )+ E ai(7)e d - 3 - p - (rnT 7 

\es x (p) 7 eSx(p+i) 



7£S x (p+2) 
Kfe<2 



Let X be linearly equival ent to a torus-invariant divisor X)"=i which gives 
a polytope A. By Remark 1.3 , a cone 7 S " Ex c orresponds to a face T 7 of A. 
Applying Corollary 5.9 and Proposition 5.8 in |DK| , we get: 



e d-2-P,i(ynT 7 ) = (-i) rf -p-Mr(2r 7 )-(d-p + i)r(r 7 )- E r ( r ) 

rcr 7 

codimr— 1 

if dim 7 = p (here, l*(T) is the number of interior integral points in T). Furthermore, 
e d-3-P,o (rnT g = (_ 1 )d- P -2 i*(T) if dim 7 =p+l, 

rcr 7 

codimr— 1 

e d - 3 - p '°(F HT 7 ) = (-l) d - p - 3 /*(r 7 ) if dim 7 = p + 2. 
Substituting these numbers in the above formula, we obtain 



hP ,d-s {x)= £ oi( 7 )f/*(2r 7 )-(d- P +i)r(r 7 )- E r(r) 

codimr— 1 



E fl iW E **(T) + E (a 2 (7)-«i(7)b+l)r(r 7 



7 eEx(p+i) x rcr 7 7 es x ( P +2) 

codimr— 1 



Simplifying and using Poincare duality, we find for p > 2, p ^ d — 3, 

^-i-p, 2(x)= ^ ai ( 7 )6*(2r 7 )-(d- P + i)i*(T 7 )- E r ( r )) 

7£S x (p) ^ rcr 7 

codimr— 1 

+ E i*(r 7 )(a 2 ( 7 )-(p+l)oi( 7 )- E fl i( T )) 

7GEx(p+2) ^ tC7 

codimr — 1 
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We now can apply this formula to the mirror construction in [B2|. We recall 
that a MPCP-desingularization of a toric variety Pa, associated with a reflexive 
polytope A, is a complete simplicial toric variety, corresponding to a refinement 
£ of the normal fan of A such that the cone generators in the fan S are exactly 
7VnA*-{0} (here, A* is the dual reflexive polytope) . Notice that if Z A is a MPCP- 
desingularization of a regular ample hypersurface Z a C Pa , then the toric variety 
Pa coincides with Ps 4 • We also note that in the above formula the number 01(7), 
for 7 S S^ a , is equal to l*(T*), where T* is the dual face of A*. 

The example we use comes from the reflexive polytope A of dimension 7 in 
Mr = M. 7 , given by the equations 

Zi > — 1, i = 1, . . . , 7, — 2z± — 2z2 — 2Z3 — 2z^ — 3zs — 3z$ — 3zj > — 1. 

The dual reflexive polytope A* has vertices at 

n = (-2, -2, -2, -2, -3, -3, -3), n h . . . , n 7 , 

where rti, . . . ,717 are the standard basis of the lattice N = Z 7 . Notice that the 
toric variety Pa, corresponding to the polytope A, is the weighted projective space 
P(l, 2, 2, 2, 2, 3, 3, 3). The only integral points in A* are the vertices and the ori- 
gin, implying that no subdivision occurs for the normal fan of A; consequently, 
/i 3,2 (Za) = because in the above formula for h 3,2 all the numbers a\ and 0,2 van- 
ish. On the other hand, for a dual MPCP-desingularization Z A * of a regular ample 
hypersurface in Pa*, the above formula for h d ~ 1 ~ p ' 2 (X) with d = 7 and p = 3 
simplifies to 

h 3 > 2 (z A ,)= z*(r)-z*(2r*), 

r*cA* 

dimr*=4 

because l*(T*) — for all faces T* of A*. We want to show that h 3 ' 2 (Z A ,) is 
positive, which would imply that the duality (|l^ ) fails for the pair (Z A , Z A *). In- 
deed, consider the 4-dimensional face T* of A* with vertices at uq, n\, ri2, 
and 714. Then (— 1, — 1, — 1, — 1, — 2, — 2, — 2) is the interior integral point of 2r*. 
The dual 2-dimensional face T, which has vertices at (—1,-1,— 1,-1,5,— 1,-1), 
(— 1, —1, —1, —1, —1, 5, —1), (—1,-1, —1, —1, —1, —1, 5), contains the integral point 
(— 1, —1,-1,-1, 1, 1, 1) in its relative interior. Thus, we have shown that h 3,2 (Z A ) ^ 
h 3 ' 2 (Z A *). This happened because the hypersurface Za* is singular. 

Other "counterexamples" can be easily found in higher dimensions, showing that, 
in general, the duality ( |l5| ) fails for the MPCP-desingularizationsof the construction 
in |B2f| . We should also point out that there is such "counterexample" for 4- folds 



(see Example 1.2 [B3 
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